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Abstract-High-speed laminar Couette flows with additions, at the stationary surface, of substances 
capable of reacting with the free-stream gas are examined in a preliminary study on the use of reference 
states and constant-property solutions in predicting mass-, momentum- and energy-transfer rates in 
flows with chemical reactions. In order to simplify the analysis, a model in which Fick’s Diffusion Law 
is applicable and in which Prandtl number and Schmidt number equal unity is studied. In general, 
evaluation of the reference state requires a description of the concentration distributions and, conse- 
quently, information concerning the chemical reactions. Since obtaining this information requires, 
in general, about as much effort as would solving exactly for the transport rates, it appears that the 
concept of a reference state is of limited practical value for the general problem of flows with chemical 
reactions. However, if the forward reaction rates are fast and the backward reaction rates are slow 
(a sufficient condition for diffusion-controlled reaction rates), then the problem of calculating the 
reference state is reduced to the problem of calculating the fluid velocity at the reaction plane. If, in 
addition, the reactions occur near either the inner or outer limit of the viscous layer, then calculations 
of the reference state are straightforward; in a linear approximation, the reference enthalpy is given 
by an expression including terms involving, as factors, the heat of reaction whereas the reference 
concentrations are given simply by the arithmetic averages of the concentrations at the two bounding 
surfaces. In numerical calculations for Couette flows with diffusion-controlled reaction rates, errors in- 
troduced in estimates of the location of the reaction zone appear to dominate any other errors which 
may be introduced when using these approximate methods. Since, for flows with inert-coolant injec- 
tions, the reference-state expressions developed for laminar Couette flows correlate satisfactorily 
also the results for laminar and (for limited available data) turbulent boundary layers, it is recom- 
mended that a study be made of the possibility of extending these reference-state expressions also to 

laminar and turbulent boundary-layer flows with reactive-coolant injections. 

&, 

NOMENCLATURE 

blowing rate for momentum transfer 

Cfo 1 
2’2 

x friction coefficient for zero blowing 

rate E Z!? ; 
P& 

Ck, mass fraction of species k; 

% “frozen” specific heat at constant 
pressure 3 2 ckc~; 

D, diffusion coekffcient in Fick’s Diffusion 
Law; 

t Associate Professor. 

h 8, sensible specific enthalpy I h - h,; 
h 0, datum specific enthalpy, including 

chemical enthalpy (i.e. enthalpy of 
formation or negative of heat of forma- 
tion at constant pressure). 

Ah;, change in enthalpy for specified re- 
action, evaluated at datum conditions, 
per unit mass of reference species r 
produced in the reaction (i.e. negative 
of heat of reaction at constant pressure 
per unit mass of reference species Y 
produced in the reaction) 

G z hk *v kMk/,rMr, 

with vk and vr negative for reactants, 
positive for products; 

k, thermal conductivity; 
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molecular weight; 
Mach number: 
pressure ; 
Prandtl number = c’,, p/ii: 
sensible heat flux = ~- k dT/dl. 
c p”V”hfi; 

recovery factor for zero blowing rate 

2c,(T,o TX,), 
- 

112, 

gas constant: 
Schmidt number = p/pD: 
temperature ; 
recovery temperature for zero blowing 
rate ; 
velocity parallel to wall; 
velocity parallel to wall at reaction 
plane; 
velocity normal to wall; 
diffusion velocity, normal to wall, of 
species k: 
co-ordinate normal to wall; 
thickness of shear layer in Couette flow : 
dynamic viscosity coefficient; 
stoichiometric coefficient of species 
k (negative for reactants, positive for 
products) : 
density; 
viscous stress; 
mass rate of production, per unit 
volume. of species k. 

Superscripts 
t 

k: 
reference state : 
species k. 

Subscripts 
Il’, stationary surface (or wall): 
cc.. moving surface (or free stream) : 

A tilde orer a symbol indicates that the 
symbol refkrs to an element, riot to a 
species. 

INTRODUCTION 

CALCULATING exactly the mass-, momentum-. 
and energy-transfer rates in high-speed boundary 
layers is complicated by the dependence of the 
values of the fluid properties on temperature and 
composition. Rubesin and Johnson [I]. Young 
and Janssen [2], Eckert [3] and Sommer and 
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Short [4] have noted empirically. howe\~er. that 
the momentum- and energy-transfer rates in 
boundary layers without mass additions at the 
wall may be predicted to good approximation bh 
inserting values offluid properties corresponding 
to a reference temperature (or enthalpy) into 
equations developed for fluids \tith constanl 
properties. Scott [5] obtained a fair correlation 
of results of several calculations for boundary 
layers with additions of inert coolants at the 
wall by supplementing the concept of a reftrencc 
temperature by the concept of a reference 
composition and evaluating all fluid propel-tic, 
at a reference coolant concentration of 0.4 times 
the coolant concentration at the wall (the coolant 
concentration in the free stream being lcroi. 
He side-stepped the problem of calculating cl 
reference temperature for the case with IT~SLI 

additions. however. and evaluated fluid pro- 
perties, for all flow conditions, at a temperature 
of 145O’F. Gross (‘t LI/. [6] also correlated 
empirically these calculated values of heat- anJ 

momentum-transfer rates. They evaluated the 
transfer coefficients at free-stream condition\ 
and the blowing parameters at temperaturca 
calculated using the reference-temperature cqua- 
tion given by Eckert [3 1 for the case with ncl mass 
additions: the effects of molecular-weight differ- 
ences were handled empirically by multiplying 
the blowing parameters by the cube root OT the 
rdti0 of the free-stream-gas molecular weight try 
the coolant molecular weight. The concept of a 
reference composition was not used. Romig 17 1. 
Eckert and Tewfik [8] and Wilson [9] have shop II 

that use of a reference enthalpy facilitatcb 
correlating momentum- and energy-transfer 
rates in laminar boundary iayers with dksocia- 
tions but with no mass additions. Wilson 19] 
and Dorrance [IO] noted that. for laminai 
boundary layers Lvithout mass additions, thta 
reference temperature is grven I0 good approxi- 
mation by the velocity-averaged temperature:. 
Burggraf [I I] found that, for turbulent ilo\%\ 
without mass additions, the reference tempera- 
ture is given to good approximation by the 
temperature at the outer edge of fhc laminar 
sublayer. 

The physical bases for the concepts t)i’ refer-- 
ence temperatures and reference compositions 
were examined by Knuth [I 21. I II in stud.? of 
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binary high-speed laminar Couette flows, simpli- 
fications were realized as a consequence of the 
nature of the boundary conditions, and informa- 
tion concerning the effects of differences in the 
heat capacities of the two species and the effects 
of deviations of Prandtl number, Schmidt 
number, and Lewis number from unity were 
obtained. An exact expression for the reference 
composition was obtained for the case of iso- 
thermal flow; a linearized expression for the 
reference temperature was obtained for the case 
in which the viscosity is a linear function of 
temperature and independent of composition. 
To first order in blowing rates, the reference 
composition is the arithmetic average of the 
compositions at the two surfaces, whereas the 
expression for the reference temperature is a 
simple extension of Eckert’s expression for the 
reference temperature for a laminar boundary 
layer with no mass addition at the wall. Basing 
all fluid properties upon the reference state 
suggested by this Couette-flow study, mass-, 
momentum-, and energy-transfer rates and 
recovery factors for laminar boundary-layer 
flows of fluids with variable fluid properties were 
given as functions of blowing rates for several 
coolants (including hydrogen and iodine) and 
for several speeds (up to Ma = 12) by only two 
curves to an approximation adequate for many 
engineering applications. 

Since, for flows without mass additions at the 
wall, the reference-temperature expression used 
for laminar flows correlates satisfactorily the data 
for turbulent flows also, Knuth and Dershin [ I3 ] 
attempted then to correlate data for turbulent 
flows with mass additions using the reference- 
state expressions developed by Knuth [12] for 
laminar flows. From examinations of the limited 
available data, they concluded that, at least for 
Mach numbers up to 3, the reference-temperature 
expression developed for laminar flows with 
mass transfers appears to correlate satisfactorily 
the data for turbulent flows with mass transfers. 
Since no data including dependable measure- 
ments of foreign-gas concentrations at the 
surface were available, no conclusions were 
drawn concerning the applicability of the 
reference-concentration expression developed for 
laminar flows to turbulent flows. 

None of these references consider, however, 

the use of reference states and constant-property 
solutions in predicting transport rates for flows 
with additions, at a bounding surface, of sub- 
stances capable of reacting with the free-stream 
gas. The present paper describes results of a 
preliminary effort to extend the previous studies 
to include this technically important (but 
difficult) case. 

LAMINAR COUETTE FLOWS OF REACTING 
SUBSTANCES 

In order to obtain insight into the nature of 
transport phenomena and thermodynamic con- 
ditions existing in high-speed boundary-layer 
flows involving diffusions of reacting substances, 
consider laminar Couette flows (requiring only 
relatively simple mathematics) characterized by 
the following features (cf. Fig. 1): 

FIG. 1. Couette-flow model with arbitrary chemical 
reactions. 

1. The velocity of the moving surface, as well 
as the temperature and concentrations at 
this surface, are uniform and steady, and 
are specified. 

2. Heat and mass may pass readily through 
the moving surface; a steady force, required 
to maintain steady motion, acts on this 
surface in the direction of motion. 

3. The momentum flux and the viscous stress 
in the direction normal to the two surfaces 
are much smaller than the pressure at some 
reference plane in the model. 

4. The kinetic energy associated with the 
mass-weighted average velocity in the 
direction normal to the two surfaces is 
much smaller than the enthalpy of the fluid 
at some reference plane in the model. 

5. Fick’s Diffusion Law describes to good 



approximation the diffusion of a given 
substance relative to the rest of the mixture.t 

6. Body force, Dufour, and Soret effects are 
negligible. 

7. The Prandtl and Schmidt numbers (hence, 
also the Lewis number) are equal to unity. 

8. Viscosity of mixture is constant with value 
fixed by the reference state of the mixture. 
(It follows from 7 and 8 that the product 
of density and diffusion coefficient and the 
ratio of thermal conductivity and specific 
heat are constants with values fixed by the 
reference state of the mixture.) 

This simple model contains the most important 
features of high-speed boundary-layer flows 
involving mass, momentum, and energy trans- 
fers, variable specific heats and chemical 
reactions. 

Conservations of mass, kth chemical species. 
momentum, and energy for this model arc 
described by the ordinary differential equations 

dpr, 
dj =’ 

dck d dct 
PC dj = dj PD d_r +- wh (2) 

du d du 
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Then, since Pick’s Diffusion Law is applicable 
and since the Prandtl number equals the Schmidt 
number, the first two terms on the right-hand 
side of the energy equation. (5). may be written 

I151 

d (11,~ --i_ u2/2) 
Pi’ 

d?j 

Hence the energy equation bccomcs 

Now the forms of the several equations 01 
change differ only by terms involving the rate 
of production of the kth chemical spccics. 
However, if one uses the stoichiometric relations 
for the several chemical reactions, then contin- 
uity and energy equations having a form like 
the form of the momentum equation may be 
written [ 161. Consider the chemical reaction for 
which mass conservation is described by 

k 
The energy equation, (4), may be placed in a 
form more similar to the forms of the remaining 
equations; multiply the momentum equation, 
(3), by velocity u and add the product to the 
energy equation with the result 

For this reaction, the production rates of the 
kth and the rth species are related by 

whereas the production rate of the kth clement 
is zero, i.e. the several elements are conserved 
even if chemical reactions occur. 

t It has been shown [14j_that a sufficient condition for 
the applicability of Fick’s Diffusion Law is that the 
several binary diffusion coefficients are equal to each 
other and to the diffusion coefficient in Fick’s equation. __ ..~~. 1 

Treat first the continuity equations. Multiply- 
ing the equation of change for the It11 species, 
(2). by the ratio of the mass of the kth element 
found in the Ith snecies to the mass of the (th 



species and summing them over all species, one 
obtains 

Here a tilde indicates that the symbol refers to 
an element, not to a chemical species. This 
equation applies also to the case in which more 
than one chemical reaction occurs. 

Treat now the energy equation. Writing the 
production rate G of the kth chemical species 
in terms of the production rate &r of a reference 
species, 

Substituting for ~i)r from the equation of change 
for the reference species, (2), and substituting 
then for C ht & in the energy equation, (6) gives 

k 

d [h, + (u2/2) + cr Ah;] 

(11) 

Extension to the case in which more than one 
chemical reaction takes place is accomplished 
by adding more terms of the form cr Ah; to the 
dependent variable. 

with pD/RT independent of composition. Hence 

(pll)w s = FT 
s 

Md In F. (17) 

Since the Prandtl and Schmidt numbers equal 
unity, the several equations of change may be 
integrated now to obtain the following expres- 
sions for the Reynolds analogy between transport 
of mass, momentum, and energy: 

(P" ww 720 
___-- = .- 
PU (c”k -I?‘“> pu2 

Alternatively, if one sets the molecular weight 
equal to a constant with value fixed by the 
reference composition of the mixture, then 

( PV)~ S = ‘gT M* 
s 

r: rma d In c”a. 
-w” 

(18) 

Equating the right-hand sides of (17) and (18) 

sw - (p’V’)w Ahr 

PU [h, --h,: + ( u2/2) + (CT ~c:,) Ail3 (12) 

and the following symmetrical relations between 
the several distributions : 

The relation between enthalpy h, and velocity 
u given in (13) will be used in the derivation of 
the reference-enthalpy expression. 

Recall that reference values of the fluid 
properties are desired which, when used in 
equations for flow with constant fluid properties, 
give correct values of transport rates at the 
stationary surface for flow with variable fluid 
properties. In order to obtain some insight into 
the manner in which the reference composition 
is to be computed, consider the equation describ- 
ing transfer of a chemical element which is 
added at the moving surface but is not added 
at the stationary surface : 

dF 
(pv)w F - pD dv = 0. 

Separating variables and integrating 

(14) 
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(pv)w 6 = 

s 

In ‘,I pD d In cm. 
In Ztofl 

(15) 

Consider now isothermal flow. Then, to good 
approximation, 

PD pD = R-TM (16) 

Similarly, in order to obtain some insight into 
the manner in which the reference enthalpy is 
to be computed, consider the equation describing 
transfer of momentum 

du 

‘=%* 
(20) 
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Separating variables, substituting for u from 
7 ~:= T,~. -I- (PC,)~~ U, and integrating 

(Ply),,, (5 I ‘In T,, 

ALd InT. (21) 
J In T,, 

Alternatively, if one sets the viscosity equal to a 
constant with value fixed by the reference state 
of the mixture, then 

(pr),,, s ~~ /Liz I ‘In 7, 

d In 7. (22) 
JIn~ii 

Equating the right-hand sides of (21) and (22) 

In T, 

1. p d In T 

(23) 

Since the purpose of the immediate calculations 
is to obtain insight into the concept of a reference 
enthalpy, consider the case in which the viscosity 
is a linear function of sensible enthalpy and its 
dependence upon composition is handled by 
evaluation at the reference molecular weight. 
Then, from (23). 

with 

(25) 

(If the reference composition is established. then 
the reference temperature is a known function of 
the reference enthalpy.) The evaluation of the 
integral appearing in the numerator of the right- 
hand side of (25) is facilitated by substituting 
for the enthalpy h, from ( 13) and for the viscous 
stress 7 from 7 = 7,,, +- (~i.)~ U. It is seen now 
that the evaluation of either the reference 
composition, (19), or the reference enthalpy. 
(25), requires a description of the concentration 
distributions and, consequently, information 
concerning the chemical reactions. Since obtain- 
ing this information requires, in general, about 
as much effort as would solving exactly for the 
transport rates, it appears that the concept of a 
reference state is of limited practical value for the 
general nroblem of flows with chemical reactions. 

However, if the forward chemical-reaction 
rates are fast and the backward chemical- 
reaction rates are slow, then the reactions occur 
i I1 a “reaction plane” : the reaction rates arc 
controlled by the mass-diffusion rates, the IX- 
actant supplied at the moving surface does not 
reach the stationary surface. and one is able IO 
carry out the indicated integrations. In the 
expression for the reference enthalpy, it is 
convenient lo use sometimes, as the reference 
species, the reactant supplied at the moving 
surface. Letting I ~~ h. the concentration ratio 
(C’ (‘:,.)“((‘; r;&) may be Lvritten, using the 
Reynolds analogy. as a function of Lelocity 
ratio 

(Note that, since the chemical reaction3 are 
confined to a reaction plane omissions of tildes 
are justified in this equation.) Substituting from 
(13) and (26) into (25), expanding in series, 
retaining only first-order terms in blowing rates. 
and integrating, one obtains 

(27) 

At other times, it is convenient to use, as the 
reference species, the reactant supplied at the 
stationary surface. Letting I c. the concentra- 
tion ratio (cr C$i(C’, c:, ) may be Lbritten 
using the Reynolds analogy, as a function of 
velocity ratio 

Substituting from (13) and (28) into (25j. 
expanding in series, retaining onlv first-order 
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terms in blowing rates, and integrating, one 
obtains, 

(29) 

Evaluate the expression for the reference moie- 
cular weight for the model (cf. Fig. 2) in which 
the several species may be divided into four 

FIG. 2. Couette-flow model with a diffusion-controlled 
chemical reaction and four groups of chemical species 
(a = inert species, b = reactive species, c = reactive 

species, and d = product species). 

groups: (1) inert species (k = a) supplied at the 
moving surface, (2) reactive species (k = b) 
supplied at moving surface, (3) reactive species 
(k = c) supplied at stationary surface, and (4) 
reaction products (k = d). Then the molecular 
weight may be written as a function of mass 
fractions 

and, using the Reynolds analogy, the mass 

fractions may be written as functions of velocity 
ratios 

zzz 1, u > UJ” 

cd. = 1 _ Ca _ Cb _ @!. (31) 

Substituting from (30) and (31) into (19), 
expanding in series, retaining only first-order 
terms in I - ca, c*, CC, and cd, and integrating, 
one obtains, 

-Ma--Ma 
._-__ Cd* 

Ma 

Ma-Me q cc 
-~ 

MC 
._...,L 
ucc 2 

Ma. _ M” 
_ ____*rt_ 

Uf cc 
-- -T - (32) urn I 

Hence, for the present model, 

Uf C”. cc* M .._~ ,_ 

2402 2 

&* = 1 _ Ca* - @* _ cc* 
(331 

It is seen that, for the special case in which the 
chemical reactions occur in a reaction plane, 



the problem of calculating the reference state 
is replaced now by the problem of calculating 
the velocity ML at the reaction plane. For tmo 
special cases, a satisfactory approximate solution 
is obtained easily. 

I. If the mass fraction c”, is much smaller 
than the mass fraction c:, . then the reactions 
occur near the moving surface; it is convenient 
to use. as the reference species, the reactant 
supplied at the moving surface (1. h). and the 
several reference-state expressions are given 

C’ 
I, (35) 

2. If the mass fraction c:; is much smaller 
than the mass fraction c/:, then the reactions 
occur near the stationary surface: it is convenient 
to use, as the reference species. the reactant 
supplied at the stationary surface (1. -= c). and 
the several reference-state expressions are given 
to good approximation by 

(37) 

On the other hand, if no information concernmg 
the location of the reaction plane is available. 
and if one is required to make an estimate of 
the reference state. then the most rational 
procedure would be to set U~:U I l/2 with the 
resuit 

(3%) 

If the coolant is not reactive, then 

(40) 

c,ith superscript u referring to species other than 
those species added at the stationary wall and 
with superscript c referring to those species 
added at the stationary wall. Finally, if no 
coolant is added at the wall, then 

il” .* ; (h,s,, 
I 11; 

ihi 6 , 
(42) 

which for Pr =-- I, compares favorably with the 
empirical reference-enthalpy equation used for 
two-dimensional boundary layers without mass 
additions [3]. 

Errors introduced using reference states and 
constant-property solutions may be evaluated 
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by comparing values of mass-, momentum-, and 
energy transfer rates calculated using this 
approximate method with values of these 
transfer rates calculated using an exact method. 
Such comparisons have been made for several 
Couette-flow models [17-201, namely (1) tetra- 
fluoroethylene (Teflon) diffusing into air, (2) 
hydrogen diffusing into air, and (3) no diffusion. 
In these models, if coolant oxidation occurs, 
then it takes place in a flame sheet, i.e. the 
oxidation rate is diffusion controlled; the trans- 
port coefficients CL, k/c,, and pD vary as the 
square root of the sensible enthalpy h,. 

For those cases in which no chemical reactions 
occur, using the reference enthalpy and constant 
property solutions introduces an error of 2 
per cent (cf. Table 1). For those cases in which 

Table 1, Errors introduced using approximate calculation 
methods in several Couette-flow Models? 

: - Y.=Sm ~___ --_ ~~.. .______~ ~~~ 

Approxi- 
Coolant Blowing Velocity mation Error: 

Coolant oxida- rate, ratio, method (per 
gas tion? Bfm UflUm (equation) cent) 

None - 0 - (42) 2 
H, No 0.0696 - 
C,FI No 3.53 - 

(40) ; 
(40) 

HZ Yes 0.268 0.61 
C,F, Yes 4.83 0.19 iz’:; 

4 

H, Yes 0.268 0.61 (34) 1: 
C,F, Yes 4.83 0.79 (34) 
HZ Yes 0.268 0.61 (38) ; 
CBFl Yes 483 0.79 

:z; 
0 

HZ Yes 0.268 0.61 
C,FI Yes 4.83 0.79 (36) :: 

t In all models, main-stream gas is air, pmumS& = 
3.18 x 105, and Ma, = 8.9. 

: Error is based upon difference between values of 
transfer rates calculated using exact and approximate 
methods. 

chemical reactions occur, various errors are 
introduced depending upon the approximation 
used. If (27) is used, i.e. if exact values of u/Iu, 
(O-61 for the hydrogen flame and 0.79 for the 
tetrafluoroethylene flame) are used, then an 
error of 4 per cent appears; if (34) is used, i.e. 
if the value of ufIum is approximated by unity, 
then errors of 16 and 5 per cent are realized; 
and if (38) is used, i.e. if the value of uf/um is 

approximated by l/2, then, to the nearest per 
cent, no error appears. Finally, using (36), i.e. 
approximating u~/u~ by 0 (an illogical approxi- 
mation when ufluoo equals 0.61 and @79) leads 
to errors of 32 and 61 per cent. 

In the approximation using (34), the error is 
greater for the system containing hydrogen than 
for the system containing tetrafluoroethylene 
partly because more heat is released by hydrogen 
oxidation than by tetrafluoroethylene oxidation 
and partly because the flame sheet is farther 
from the moving surface for the hydrogen 
coolant than for the tetrafluoroethylene coolant. 
The fact that no error appears in the approxima- 
tion using (38) is due to the presence of com- 
pensating errors. The approximation using (36) 
is included only to illustrate the magnitude of 
the errors which may be encountered if the 
improper equations are selected. 

These numerical results substantiate the 
suggestions that one use equation (27) or (29) 
and (33) if the reaction-zone location is known 
exactly, equations (34) and (35) if the reaction- 
zone location is known to be near the outer 
edge of the boundary layer, equations (36) and 
(37) if the reaction-zone location is known to be 
near the wall, and equations (38) and (39) if no 
information concerning the reaction-zone loca- 
tion is available. If no reactions occur, then the 
methods of [7] and [8] are preferred. 

After the reference state is established, then 
the several transport rates may be predicted 
using constant-property relations. For laminar 
Couette flows, one might compute, e.g. the 
viscous stress at the wall using 

rwa (PU)zA VP* ---Z 
$%lUZ exp KP& S/P*] - 1 

(43) 

and the mass- and energy-transfer rates from the 
viscous stress using the Reynolds analogy which, 
for Pr = SC = 1, is given by equation (12). 

CONCLUSIONS 

From results of the Couette-flow analyses and 
calculations, the following conclusions are drawn 
concerning the use of reference states and 
constant-property solutions to predict transport 
rates in flows with additions, at a bounding 
surface, of substances capable of reacting with 
the free-stream gas: 
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1. Evaluation of either the reference compo- 
sition or the reference enthalpy requires, in 
general, a description of the concentration 
distributions, and, consequently, informa- 
tion concerning the chemical reactions. 
Since obtaining this information requires, 
in general, about as much effort as would 
solving exactly for the transport rates. it 
appears that the concept of a reference state 
is of limited practical value for the general 
problem of flows with chemical reactions. 

2. However, for the case in which the chemical 
reactions occur in a reaction plane (so that 
the reaction rate is diffusion-controlled), 
one is able to carry out the required integra- 
tions; the problem of calculating the refer- 
ence state is replaced then by the problem 
of calculating the fluid velocity at the 
reaction plane. 

3. For cases in which the chemical reaction 
rates are fast and occur near either the inner 
or the outer limit of the boundary layer, 
calculations of the reference state are 
straightforward; in a linear approximation 
(satisfactory for many engineering applica- 
tions), the reference enthalpy is given by an 
expression including terms involving. as 
factors, the heat of reaction whereas the 
reference concentrations are given simply 
by the arithmetic averages of the concen- 
trations at the wall and in the free stream. 

4. In the case of diffusion-controlled reaction 
rates, errors introduced in estimates of the 
location of the reaction zone appear to 
dominate any other errors which may be 
introduced when using these approximate 
methods. 

5. Since, for flows with mass additions but 
without chemical reactions, the reference- 
state expressions developed for laminar 
Couette flows correlate satisfactorily also 
the results for laminar and (for limited 
available data) turbulent boundary layers, 
it is recommended that a study be made of 
the possibility of extending the reference- 
state expressions derived here also to 
laminar and turbulent boundary-layer flows 
with reactive-coolant injections. For bound- 
ary-layer flows with arbitrary Prandtl 
numbers, one might replace the coefficient 

of u$/2 in the reference-enthalpy expressions 
by 0.22~: so that, for the case with no mass 
addition, the reference-enthalpy expression 
reduces to the expression given by Eckert. 
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Resume-A la suite d’une recherche preliminaire concernant l’utilisation des etats de reference et des 
solutions a proprittt constante pour l’evaluation des taux de transport d’energie, de quantitt de 
mouvement et de masse dans des ecoulements avec reactions chimiques, on a etudie les ecoulements de 
Couette laminaires a grande vitesse, avec apports, sur la surface fixe, de substances reagissant avec 
le fluide en Ccoulement. 

Pour simplifier I’analyse, on a etudie un modele permettant d’appliquer la loi de diffusion de Fick, 
les nombres de Prandtl et de Schmidt &ant egaux a l’umte. En general, l’evaluation de l’etat de 
reference necessite une description des distributions de concentration et, par consequent, une informa- 
tion concernant les reactions chimiques. Comme cette information est, en general, aussi difficile a 
obtenir que l’evaluation exacte des coefficients de transport, il semble que le concept d’un Ctat de 
reference ait une valeur pratique limit&e pour le probleme general des Ccoulements avec reactions 
chimiques. Toutefois, si les taux de reactions sont rapides au debut et lents a la fin (condition suffisante 
pour les vitesse de reaction a diffusion controlee) le probleme du calcul de l’etat de reference se 
reduit au probltme du calcul de la vitesse sur fluide sur le plan de reaction. Si, de plus, les reactions se 
font pres de la font&e interieure ou exterieure de la couche visqueuse, les calculs de l’etat de reference 
sont alors directs; dans une approximation lineaire l’enthalpie de reference est donnee par une 
expression comprenant des termes contenant, en facteur, la chaleur de reaction tandis que les concen- 
trations de reference sont donnees simplement par les moyennes arithmetiques des concentrations sur 
les deux surfaces limites. Dans les calculs numeriques relatifs aux ecoulement de Couette avec vitesse 
de reaction a diffusion controlee, les erreurs commises dans les estimations de la position de la zone de 
reaction semblent dominer toutes les autres erreurs qui peuvent s’introduire quand on utilise ces 
methodes approchees. 

Comme pour des Ccoulements avec injection de refroidiseur inerte, les expressions d’etat de reference 
developpees pour des ecoulements de Couette laminaires traduisent de facon satisfaisante les resultats 
des couches laminaires et (pour un nombre limit6 de don&es) des couches limites turbulentes, il est 
conseillt d’etudier la possibilite d’etendre Cgalement ces expressions aux Ccoulements de couches 

limites laminaires et turbulentes avec injection de fluide refroidisseur reactif. 

Zusammenfassung-Fur Laminare Couette-Stromungen von hoher Geschwindigkeit, wobei von der 
ruhenden Wand ein Zusatz von Substanzen, die mit dem striimenden Gas reagieren, erfolgt, wird 
vorlaufig die Verwendbarkeit von Bezugszustlnden und Losungen fur konstante Eigenschaften unter- 
sucht, urn Stoff-, Impuls- und Energieaustausch in Striimungen mit chemischen Reaktionen zu 

ermitteln. Zur Vereinfachung der Analyse dient ein Model], in welchem das Fick’sche Diffusions- 
gesetz gilt und Prandtl- und Schmidt-Zahl die Griisse eins haben. Im allgemeinen erfordert die Be- 
wertung von Bezugszustanden eine Beschreibung der Konzentrationsverteilungen und damit Kenntnis 
der chemischen Reaktionen. Da die Erlangung dieser Kenntnis gewohnlich etwa ebenso aufwendig 
ist wie die exakte Losung fiir die Austauschraten, scheint es, dass das Konzept eines Bezugszustandes 
von beschrlnktem praktischen Wert fiir allgemeine Stromungsprobleme mit chemischen Reaktionen 
ist. Wenn jedoch die Reaktionsraten in der einen Richtung schnell, in der anderen Richtung langsam 
sind (eine gentigende Bedingung fur diffusionskontrollierte Reaktionsraten). reduziert sich die Be- 
stimmung des Bezugszustandes auf die Berechnung der Mediumsgeschwindigkeiten an der Reaktions- 
ebene. Wenn weiterhin die Reaktionen nahe der inneren oder lusseren Grenze der z&hen Schicht 
erfolgen, ergibt eine einfache Rechnung den Bezugszustand; in einer linearen NPherung ist die Bezugs- 
enthalpie durch einen Ausdruck gegeben, mit der Reaktionswlrme also Faktor und den Bezugs- 
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konzentrationen als arithmetisches Mittel der Konzentrationen an den beiden begrenzenden Flrichen. 
Bei numerischen Berechnungen von Couette-StrGmungen mit diffusionskontrollierten Reaktionsraten 
scheinen Fehler, die auf Schgtzungen der Lage der Reaktionszone beruhen, vor allen anderen, durch 
diese Ngherungsmethoden eingefiihrten Fehlern zu dominieren. Nachdem fiir Strbmungen mit inertel 
Kiihlmitteleinblasung die fiir laminare Couette-Striimungen entwickelten Ausdriicke fiir Bezugszu- 
stlnde such die Ergebnisse fi_ir larninare und (fiir beschrgnkt verfiigbare Daten) turbulentc Grenr- 
schichten zufriedenstellend korrelieren, wLre eine Studie einer miiglichen Ausdehnung dieser Bezugszu- 
standausdriicke auf laminare und turbulente Grenzschichtstr6mungen mit reakti\er Kiihlmittelein- 

hlasrrng m empfehlen 


